ESCAPE RATES FOR GIBBS MEASURES 

ANDREW FERGUSON AND MARK POLLICOTT 



Abstract. In this paper we study the asymptotic behaviour of the escape rate of 
a Gibbs measure supported on a conformal repeller through a small hole. There are 
additional applications to the convergence of Hausdorff dimension of the survivor set. 



1. Introduction 

Given any transformation T : X — > X preserving an ergodic probability measure 
fi and any Borel set A C X the escape rate quantifies the asymptotic behaviour of 
the measure of the set of points x G X for which none of the first n terms in the 
orbit intersect U. Bunimovich and Yurchenko [7j considered the fundamental case of 
the doubling map and Haar measure, and where U is a dyadic interval. Subsequently, 
Keller and Liverani [TB] proved a general perturbation result which, provided the correct 
functional setup holds, shows a similar formula holds. It was then shown that these 
hypotheses hold when T is an expanding interval map and \i the absolutely continuous 
invariant probability measure. Other papers related to this this topic include pT|. [6l [9l [T9| 
and reference therein. 

In this paper, we prove analogous results to those found in [7] in the more general 
setting of Gibbs measures supported on conformal repellers. Much of the analysis is 
undertaken in the setting of subshifts of finite type, this not only allows us to prove 
similar results for a broad class of maps which can be modelled symbolically but also 
improve on the work of Lind [18] who considered the convergence of topological entropy 
for a topologically mixing subshift. 

Another interesting aspect of our analysis is the connection with the work of Hirata 
[12J on the exponential law for first return times for Axiom A diffeomorphisms. Some 
of the ingredients in our approach were suggested by Hirata's paper, although we had 
to significantly modify the actual details. 

Let Ai be a Riemannian manifold and / : Ai — > Ai a C 1 -map. Let J be a compact 
subset of Ai such that f(J) = J. We say that the pair (J, /) is a conformal repeller if 

(1) f\j is a conformal map. 

(2) there exists c> and A > 1 such that \\df£v\\ > cA n ||u|| for all x G J, v G T X M, 
and n > 1. 

(3) / is topologically mixing on J. 
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(4) J is maximal, i.e. there exists an open neighbourhood V D J such that 
J = { x e V : f n (x) G V for all n > 0}. 
Let cf) : J — > R be a-H61der and let /x denote the associated equilibrium state, i.e. 



P(0) = sup|^(/) + J , 



^ : U{p) = v, v{J) = 1 = + / d>dfx 



where h„(f) denotes the Kologomorov- Sinai entropy of the measure v (see [26J for 
further details). 

Fix z G J for e > we define the escape rate of \x through B(z, e), (i.e. the rate at 
which mass 'escapes' or 'leaks' through the hole B(z,e)), by 

r li (B(z,e)) = - lim sup - log fx{x G J : f(x) £ B(z,e),0 < i < k - 1}. 

Our first result concerns the asymptotic behaviour of r^{B{z 1 e)) for small e. 

Theorem 1.1. Let (J, /) be a conformal reseller, : J — > R Holder continuous, and \i 
the associated equilibrium state, fix z G J, then 

j. r fM (B(z,e)) ^ . . Il if z is not periodic 

e->o /j,(B(z,e)) \\ — e 4> v {z)~pP{4>) if z has prime period p 

where <p p (z) = <f>(z) + </>(f{z)) + ■■■ + ^(^(z)). 

We also obtain an asymptotic formula the Hausdorff dimension of the survivor set: 

J e = {xeJ : / fe (x) ^ 5(2, e), for all jfe > 0}, 

i.e. all points whose orbits are e-bounded away from z. 

Suppose now that / G C 1+Q (J) for some a > 0. Let \x denote the equilibrium state 
related to the potential (ft = —slog |/'|, where s = dim^(J). For e > we let s t denote 
the Hausdorff dimension of the set J e . 

Theorem 1.2. Let (J, f) be a conformal repeller with f G C 1+a (J). Let <p = —slog |/'| 
and let /i denote the associated equilibrium state. Fix z G J, then 

li m S ~ Se = d ^ 
*->on(B(z,e)) j\og\f'W 



Remark 1.3. A similar formula was obtained by Hensley [llj in the setting of continued 
fractions. 

The paper is structured as follows: in section 2 we apply the Theorems 11.11 and 1 1 . 2 1 to 
concrete examples. In section 3 we study the spectral properties of transfer operators 
acting on a certain class of Banach spaces. Section 4 contains a perturbation result, 
while in section 5 we prove the result in the analogue of Theorem 11.11 in the setting of 
subshifts of finite type. Finally sections 6 and 7 contain the proofs of Theorems 11.11 and 
11.21 respectively. 
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2. Examples 

To illustrate the main results we briefly consider two simple examples. 

2.1. Hyperbolic Julia sets. Let / : C — > C be a rational map of degree d > 2, where 
C denotes the Riemann sphere. The Julia set of R is the closure of the repelling periodic 
points of /, i.e. 

J = d ({z G C : f p (z) = z, for some p > 1 and \ (f p )'(z)\ > 1}) . 

The map / : J — > J is a conformal expanding map and the results of the previous 
section apply. As an example, the map f(z) = z 2 + c for |c| < 1/4 is hyperbolic. Define 
<p : J — y R by <p(z) = —slog \2z\, where s denotes the Hausdorff dimension of J. Let fi 
denote the associated equilibrium state. Setting z = 1+v 2 1 ~ 4c , then we see that f(z) = z 
and | / (z) | > 1 and accordingly Theorem 11.11 implies that 

lim r(B fe£ )) =1 _ 1 
e->o fi(B(z,e)) \2z\ s 

2.2. One dimensional Markov Maps. Assume that there exists a finite family of 
disjoint closed intervals I\, I2, ■ ■ ■ , I m C [0, 1] and a C 1+a map / : IJ^ Ii — > [0, 1] such 
that 

(1) for every i, there is a subset P = P(i) of indices with f(h) D |J i Jj = UfceP 

(2) for every x G Ujint(Jj), the derivative of / satisfies — P f° r some fixed 
p > 0. 

(3) there exists A > 1 and n > such that if f m (x) G Ujlj, for all < m < n — 1 
then |(/ no )'(a;)| > A. 

Let J = {x G [0, 1] : f n (x) G Uf/i for all n G N}. The set J is a repeller for the map / 
and conformality follows from the domain being one- dimensional. 

If we take I\ = [0, 1/3], 1% = [2/3, 1] and let f(x) = 3x(modl), the associated repeller 
J is the middle-third Cantor set. Let z = 1/4, then z G J and has prime period 2. Set 
4>(x) = — log(2), and let \i denote the associated equilibrium state. Then Theorem ll.il 
implies that 

r,(B(l/4, e )) = 1= 3 

^0^(5(1/4,6)) 2 2 4 

For e > we set 

J e = {xeJ : f k (x) £ 5(1/4, e) for jfe = 0, 1, 2, . . .}. 
Let s e = dimn(J e ) and s = log(2)/log(3) then Theorem 11.21 implies that 

s-s e 3 
lim = . 

^0/1(5(1/4,6)) 41og(3) 
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3. Spectral properties of the transfer operator 

In this section we study the spectral properties of the transfer operator. We first fix 
notation which will be used for the rest of the paper. Throughout the rest of this paper 
c will denote a positive and finite constant which may change in value with successive 
uses. Let A denote an irreducible and aperiodic I x I matrix of zeroes and ones, i.e. 
there exists a positive integer d such that A d > 0. We define the subshift of finite type 
(associated with matrix A) to be 

s = {( x n)n=o '■ A(x n ,x n+1 ) = 1, for all n}. 

If we equip the set {0, 1, — 1} with the discrete topology then £ is compact 
in the corresponding Tychonov product topology. The shift a : £ — > £ is defined by 
a(x) = y, where y n = x n+ i for all n, i.e. the sequence is shifted one place to the left 
and the first entry deleted. 

For 9 G (0,1) we define a metric on £ by dg(x,y) = 9 m , where m is the least 
positive integer (assuming that such a m exists) with x m ^ y m , otherwise we set 
dg(x,x) = 0. Equipped with the metric dg, the space (£, dg) is complete, and moreover 
the topology induced by dg agrees with the previously mentioned Tychonov product 
topology. Finally, for x G £ and a positive integer n > 1 we define the cylinder of 
length n centred on x to be the set [x] n = [xo, xi, . . . , x n -i] = {y G £ : yi — Xi for i — 

0,1,.. .,71-1}. 

Fix a G^-Lipschitz continuous function </>:£—>■ R, and recall that we let \x denote its 
equilibrium state defined in the introduction, i.e., 



(pdjj,. 



We let 



P((f>) := sup ^h u + J <pdv : a*{v) = u, z/(£) = 1 j = + J 

L 1 ( / u) := |u> : £ — > C : w is measurable and J \w\dfx < oo| , 

which equipped with the norm ||u>||i = / \w\dfx is a Banach space. We now describe 
a particular subspace of L 1 ^) on which the transfer operator will act: for w G L 1 ^), 
x G £ and a positive integer m we set 

osc(u>, m, x) = esssup{|w(y) — w(z)\ : y,z<E [x] m }. 
We introduce the semi-norm 



\w\g = sup9 m \\osc(w,m, 

m>l 



We let 



Eg = {w G L l (n) : \w\g < oo}. 

It is worth noting if we were to take the supremum norm || • ||oo in place of the L 1 
norm then the space coincides with Lipschitz continuous functions (with respect to the 
metric dg). 
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We equip Bg with the norm 



\\w\\e = \w\e + |M|i- 

This space was first introduced by Keller p3], in a more general framework, where 
the following result was also proved: 

Proposition 3.1 (Keller). The space (Bg, \\ ■ \\g) is complete. Furthermore, the set 
{w G Bg : \\w\\g < c} is ^-compact for any c > 0. 

We introduce the transfer operator C = : Bg — >■ Bg 

(Cw){x) = e Hy) w(y). 

o(y)=x 

We let i = (io,i\, . . . ,ik-i) denote an allowed string of length k then we can write 
(C k w)(x) = Y2\i\=k e< ^ w {i x ) where the sums is over those strings for which the con- 
catenation ix is allowed, i.e. we require ix G E. 

Another Banach space that we require is that of Lipschitz functions 

Tq — {w : £ — > C : sup 9~ m \\osc(w, m, •) ||oo < oo}. 

m>l 

The following theorem describes the spectral properties of C acting on the space Tg 
of (ie-Lipschitz continuous functions, for a proof see [21] [Theorem 2.2]. 

Proposition 3.2 (Ruelle). Let (f> G Tq be real valued and suppose A is irreducible and 
aperiodic. 

(1) There is a simple maximal positive eigenvalue X = of C with corresponding 
strictly positive eigenfunction g = g^ G Tg. 

(2) The remainder of the spectrum of C : Tg — >■ Tg (excluding X > 0) is contained 
in a disk of radius strictly smaller that X. 

(3) There is a unique probability measure v such that L*v = Xv. 

(4) X~ k £ k w g J wdv uniformly for allw G Tg, where g is as above and J gdv = 1. 

We remark that the equilibrium state \i is absolutely continuous with respect to 
the eigenmeasure v, with the Radon-Nikodym being given by the eigenfunction g. By 
scaling the operator C, if necessary, we may assume without loss of generality that 
A = 1, further as g > we may assume that £1 = 1. 

Another useful property of \i is the Gibbs property (see [3] for further details). 
Namely, there exists a constant c > 1 such that for any x G £ and positive integer 
n we have that 



-1 < t l [ x \n < 



We now prove a result relating to the spectrum of C acting on Bg, namely that it has 
a spectral gap. A crucial part in this process is proving a Lasota-Yorke inequality. Q 



1 The term 'Lasota-Yorke' refers to the modern usage dating back to their paper [T7]. Similar 
inequalities date back to Ionescu-Tulcea Marinescu |13) and perhaps earlier. 
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Lemma 3.3. There exists c > such that for any w G Be we have 

\C k w\ e < c(6 k \w\ e + |Mli) • 

Proof. Let x, y G S be such that c?e(x, y) < 6 |m then 

\C k w(x) - £ fc w(y)| < \^ Hlx) w(tx) - e^^tw(iy)| 

|»|=* 

< e^^osciw, k + m,ix) + e^\l - e^-^||w(zy)| 
\i\=k 

D 4> k (ix) 



(„</>"■ {ix) r 
e™osc(w;, k + m, ix) + 9 m -r— / \w\dfi 
^[ lX \k+m J[ix] k+m 

< cJ2 ( e^ ilx) osc(w,k + m,ix) + 9 m -^— f \w\dn 

\a\-u V n x \m J\ix} k+m 



\i\=k 

Where we used the Gibbs property in the final line, i.e. 

e <t> k (ix) c c 2 



< , , , < 



Thus 

\i\ =k \ (t[x\m J[ix] k+m / 

Integrating with respect to \i we see that and again invoking jT]) we see 



osc(C k w, m, x)dj^(x) < c yj osc(w, k + m, x)dfi(x) + 9 m \\w\\i 
dividing by 9 m and taking suprema yields 

\Cw\e < c(9 k \w\e + 



Finally we see that 



\\C k w\\ e = 

< c9 k (\w\ e + \\w\\i) + \\w\ 



< c(9 k \w\ e + |M|i). 



□ 



Lemma 3.4. The operator C : Bg — >■ Bg has a simple maximal eigenvalue A = 1, while 
the rest of the spectrum is contained in a ball of radius strictly less than 1. 
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Proof. We begin by proving that for any w E Be that C k w converges J wdfi in 
Fix e > and choose v G J-$ such that \\v — w\\i < e/3, by Proposition 13.21 there exists 
a positive integer N such that \\C n (v) — J vdfi\\i < e/3 for all n > N, in which case we 
see that 



£ n (w) 



wdjji 



< \\C n (w-v)\\ 1 + 



C n {v) — J vdfx + J vd/j — J wd/j 



< 2\\v-w\\i + 



C n (v) - / vdfi 



< e. 



This in turn implies that for each w G B = {v G Bg : \\v\\$ < 1} that 



\C n (w) 



inf I 

cec 



C n (w) — c\\i — > as n — > oo 



where C -1 = {w G Bg : J wrf/x = 0}. We claim that this convergence is uniform over B. 
To see this fix 5 > and w G S then there exists a positive integer N = N(w) such that 
||/^ n (w)| c ± ||i < 5/2 for all n > N. By Proposition 13. II B is compact and so the cover 
{Bi(w, S/2)} wGB has a finite subcover, say Bx(wi, 5/2), Bi(w 2 , 5/2), . . . , Bi(w m , 8/2). 
In which case if n > N := maxj = i j2j ... im N(iVi) we have ||£^(w)| c ±||i < 5 for any w G B. 

Finally to show the existence of a spectral gap from Proposition 13.31 we observe for 
w G B, and n > N that 



\\C 2n (w)\ c 4 e < c^l^HlcxIe+H^HIcxIK) 

< c(6 2n \w\ c ^\e + O^wl^Wx + II^HIcxHO 

< c(6 2n + 6 n + 5). 

We may choose n and 5 so that ||£ 2ri (w)| c x||6i < 1 which proves that £ has a spectral 
gap. □ 

3.1. Singular perturbations of the transfer operator. We introduce a perturba- 
tion of the transfer operator £: let {U n } n be a family of open sets, further, we require 
that they satisfy the following technical conditions: 

(1) {U n } n are nested with n n >iZ7 n = {z}. 

(2) Each U n consists of a finite union of cylinder sets, with each cylinder having 
length n. 

(3) There exists constants c>0, 0<p<l such that fi(U n ) < cp n for n > 1. 

(4) There a sequence {l n } n G N, and constant k > such that /t < i n /n < 1 and 
U n C [z]i n for all n > 1. 

(5) If cr p (z) = z has prime period p then a~ p (U n ) fl [zo-^i • • *^p-i] ^ for large 
enough n. 

Remark 3.5. We observe that that above is not absolutely essential for the appli- 
cation to conformal repellers and serves only to greatly simplify the analysis. 

For n > 1 we define the perturbed operator C n : Bg —> Bg by 
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£ n (w)(x) = C(xu-w)(x). 



For a positive integer n we let S n = f\>o ^ \ ° K^n)- By choosing n large enough 
we can ensure that the system (S„,,cr|s n ) is topologically mixing, and so the results of 
[8] apply, namely we have 

Proposition 3.6 (Collet, Martinez, Schmitt). For each n there exists continuous g n : 
S — y M. with g n > 0, and A n > such that C n g n = X n g n , moreover for any continuous 
w : S — > C we have 



where v n denotes the unique 'probability measure guaranteed by Proposition i.e. v n 
satisfies supp(z/ n ) = S n and (£* n v n )(w) = \ n v n (w) for w G J*e(E n ). 

Moreover, we may prove a Lasota-Yorke style inequality for C n : Be — )■ Be, which 
in conjunction with Proposition 13.61 and the methods of Lemma 13.41 we can show that 
g n G Be and that X n is a simple maximal eigenvalue for C n : Bg — > Bg. 

The perturbation C n is singular with respect to the || • \ \g norm, we adopt the approach 
of [15] and introduce a weak norm. 



Throughout this section we assume that 6 G (p, 1). Our first result states that the 
weak norm is dominated by strong norm. 

Lemma 3.7. Under the assumptions above we have 



for all w G Be- 

Proof. We first relate the strong norm with the L°° norm. Let c = maXj = o,i,...,i-i fi[i] 
then for [i almost all x G S 



K k ^ k n w-v n {w\^ n )g, 



n || oo 



->• 




w\\h < c\\w\\ e 




(2) 



< c\\w\\ e . 



E9e(p,l) then 



W\ h < SUp 9 m /i(?7 m )|k||oo < C\\w\\g. 



m>l 



□ 
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3.2. Convergence of the spectral radii. In this section we prove a preliminary 
result relating to the behaviour of the spectra of the operators C n acting on B$. From 
Proposition 13.61 it is easy to see that for any u G S we have 

(3) PxM ■= log A n = lim \ log (£*l(t*)) . 

K — ^OO fx/ 

Proposition 3.8. Under assumptions (l)-(5) we have lim^oo A„, = A. 

Proof. As U n C [z\i n , setting E n = E \ r\k>o(T~ k [z]i n ^ is easy to see that E n C E n . 
Accordingly, it suffices to show that P^ ((f)) — > P(4>)- 

As (E, a) is topologically mixing we may find a positive integer d such that A d > 0. 
Fix u G E and for integers k and n we set 

B k = {xqX\ ■ ■ ■ Xk-l '■ XqX\ ■ ■ ■ Xk-lU G E}, 

B k , n = {x Xi ■ ■ ■ x k -i e B k : [:Tq:ei • • ■ x^x) n E n 7^ 0}, 

Zfc(0) = ^(xoXl-^-lu)^ Z Kn (<\)) = e^^O*!-**-!"). 

xoiri— Xk-l&Bk x x 1 ---x k _ 1 eB k ^ n 

It is easy to see that £ & l(/u) = Zk(<j>) (resp. = Zk, n ((f>)) an d so by equation 

(2) we have that P(0) = lim*.-^ \ logZ fc (0) (resp. Pe„0) = lim^oo | log Z fc) „(0)). 
Fix e > 0, by equation [3] there exists a > such that Zk(4>) > ae k ^ p ^'~ e > for all 
> 1. In addition, as h top (a) > there exists 6 > such that \B k \ > be k ^ htop ^~ e ^ for 
all k > 1. 

Fix large integers and n such that both be k ^ htop< ^>~ e ' > l n — k + l and 2(/c + c?) < Z n e. 
Observe that the string ZqZi ■ • • Zi n _i has precisely Z n — + 1 subwords of length fc, 
accordingly the first condition on k and n guarantees the existence of a finite word 
x £ Bk such that x does not appear as a subword of ZqZi ■ ■ • %i n -\- Fix m G N 
and let y 1 , y 2 , . . . , y m G B[ n _ 2 k-2d, we now associate with this list an unique ele- 
ment of B m (i n _ k y Choose s 1 , s 2 , . . . , s m , t 1 , t 2 , . . . , t m G B d so that the word w : = 
y 1 s 1 xt 1 y 2 s 2 xt 2 ■ ■ ■t m - 1 y m s m xt m G {1, 2, . . . , l} m ^~ k ) is such that t m u G E, this is pos- 
sible as A d > 0. 

It is easy to see that as x is contained in any subword of length n, the word 
ZqZi ■ ■ ■ zi n _i cannot be contained as a subword of the periodic extension of w. Hence 

w G B m{ln _ k): i n , and so 

Z mi i n - k) ,iM > (ae^- 2k - 2d ^ p ^r > (ae^-^^r. 
Taking logs, dividing by m and letting m — > 00 yields 

Finally letting n — > 00 and e — > gives the result. □ 

Remark 3.9. The proof of Proposition \3.8i is modified from [I] where an analogous 
result for topological entropy is proved. 
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3.3. A Uniform Lasota-Yorke inequality. We now prove that the transfer operators 
£ n satisfy a uniform Lasota-Yorke inequality. We assume that the transfer operator £ 
is normalised, i.e £1 = 1. Iterating the perturbed operator £ n we see that 

{c k n w){x)= h n , k (y)e* k(y) w(yl 

cr k (y)=x 

where h n>k (x) = YfjZlxu^x) and <f> k (y) = J2jZl <t>{° 3 '(v))- 
Lemma 3.10. For any positive integers k,n we have 

H£«IU<i- 



Proof. Let w G L , then 

||£n^||i = J \^Xu-w\dn 

< J C\xu°w\dy. 

( 4 ) = J Wu-w\ d ^ < \\ w h- 

In addition, fixing j > 0, m > 1 we see that 



e- m / \c n w\dfi < e- m / c(\xu*w\W 

'<T-HU m ) J<T-i{U m ) 



6 m / Xuo\w\dfx 



< Q- m I \w\dfi< \w 



h- 



Taking the supremum over j and m yields 

(5) \C n w\h < \ w \h- 

Combining equations (J4]) and (E]) and iterating completes the proof. □ 

Lemma 3.11. There exists a constant c > such that for any positive integers n, k we 
have 

\h n ,kw\e < \w\e + c9~ k \\w\\ h 

for all w E Bg. 

Proof. We prove this by induction, namely we prove that for any w G Bg we have 

(6) \x<r-i(u°)w\o < \w\o + 0~ 3 \\w\\ h . 

To show this, fix a positive integer m, we consider two cases, namely: j +n < m and 
m < j + n. If we suppose that j + n < m then o$c(xa-j (u c ) w i m ? x ) < osc(u>, m, x) for 
all x G E, and thus 
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(7) 9 m J osc(Xcr-i(u^) w -i m , x)dfi(x) < 9 m j osc(u>,m, x)dfi(x) < \w\g. 

On the other hand if m < j + n it is easy to see that if [x] m C a~^(U^) then 
osc(Xo-j(c/£)W, m, x) = osc(w,m,x). On the other hand if [x] m H a~^{U„) ^ then 
osc{x a -3 (u c ) w i m i x ) — max(osc(w, m, x), \\X[x] m w \\oo), m which case 

osc(xa-J(u-)W,m,x) = msx(oac(w,m,x),\\x[ x ] m w\\oo) 

1 f 

< osc(w, m,x)-\ p: — / \w\dfi. 

H[ x \m J[x]m 

Which implies that 



(8) 9 m osc(Xa-j(uz) w 7 m i x )dlJ'(x) < M<? + $ m / \w\dfi. 
We now analyse two further subcases, if m < j then we see that 



(9) 9- m / \w\dfi < 0" J ||«;||i. 

If j < m < j + n, the fact that the open sets {U n } n are nested implies that 

{x : [x] m n <r- j {U n ) + 0} C o-^Un-i). 

In which case 

(10) 9~ m [ \w\dfi < 9~ ] \w\ h . 

J {x : [x] m r\cr-i (Un)^®} 

If we combine equations (|7j), (J9]) and QUI) we obtain (JS]). This completes the proof. □ 
Lemma 3.12. T/iere exists a constant c > sitc/i £/iai 

H^nHle < c(9 k \\w\\ e + \\w\\ h ) 

for all w G Be and n,k > 1 . 
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Proof. Fix x, y £ £ and suppose c?g(x, y) = 6 m , with m > 1, then 

\(C k n w)(x) - (C k n w)(y)\ < \e^ ix) h n<k (ix)w(ix) - l h n , k (iy)w(iy)\ 

\i\=k 

< ^ e^ {ix) \h n ^ k {ix)w{ix) - h n;k (iy)w(iy)\ 
\i\=k 

+e^ ( " ) |l - e^ {iy) -^ k{lx) \\w{iy)\ 

< e ^ k ( lx ) [osc(/i nj fcW, k + m, ix) + c ■ osc(w, k + m, ix)\ 



\i\=k 



e <t> k (ix) 



+c6 m ~ri — / \ w \ d v- 

^ fl[lX\k+ m Jfj,{ix] k+m 

Integrating and dividing by 9 m implies that 
(11) \£>n w \o ^ c0 k (\w\ & + \h n>k w\ e ) + c||w||i. 

And so from equations (0J and ( JTTT) along with lemma 13.111 we deduce that 



\\C*w\\ e = \C*w\ e + \\C*w\\x 

< c9 k (\h n)k w\ e + \w\o) + \\w\\i 

< c6 k \w\e + c\\w\\ h < c6 k \\w\\ e + c\\w\\ h . 

This completes the proof. □ 

Remark 3.13. The advantage of introducing the weak norm \\ ■ \\h is that it overcomes 
the restrictions imposed by the usual weak norm || ■ ||i- In particular, had we considered 
the usual \\ ■ \\ \-norm it would have imposed the condition that < 9 < 1 be chosen 
sufficiently small (leading to complications later in the proof when we also require p < 
9<1). 

3.4. Quasi-compactness of C n . A prerequisite for proving quasi-compactness of C n 
is that the unit ball is compact with respect to the weak norm. 

Proposition 3.14. The set B = {w £ Bg : \\w\\g < 1} is || • || h- compact. 

Proof. Let (f n )n £ B be any sequence. By Proposition 13.11 there exists a subsequence 
{fn k )k and / £ B such that \\f nk - f\\i ->■ 0. It suffices to show that \ f nk - f\ h -)■ 0. As 
f, fn k £ B we have that c = sup fc>1 ||/ — / nfc ||oo < 00 • Fix e > and choose a positive 
integer M such that 8~ m fi(U m ) < e/c for all m > M. Choose a positive integer K such 
that ||/ — fn k ||i < 9 M e for all k > K. For fixed m,j, then if m > M we have 

(12) 6- m [ \f-fn k W<9- m p(U m )\\f-f nk \U<e. 

Ja-i{U m ) 

Otherwise m < M, in which case for k > K we have 



(13) 



o- m [ 1/ - U k W < e- M [\f- f nk \dp < e. 

Jcr-3(U m ) J 
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Taking equations (TT2~I) and ( fl3l) together implies that \f — f nk \h < e for > K. This 
completes the proof. □ 

We now prove quasi-compactness of C n using a critereon of Hennion. 

Lemma 3.15. The essential spectral radii of the operators C n is uniformly bounded by 
9. 

Proof. To show that the essential spectral radius of C n is bounded by 9 we note 
that Lemmas 13.121 and 13.141 show that the operators C n satisfy the hypotheses of 
[10J [Corollary 1], namely: 

(1) C n ({w G Be : < 1}) is conditionally compact in (Be, \\ ■ \\h)- 

(2) For each k, there exists positive real number R^, r& such that liminffc^ 00 (rfc) 1 / A: = 
r < X n for which 

< ^fell^He + -RfcH^IU for all w G B e . 



In which case we conclude that C n is quasi-compact with essential spectral radius 
bounded by r. Condition (JTJ) can be deduced from Proposition 13.11 while condition fl2]) 
is the uniform Lasota-Yorke inequality proved in Lemma 13.121 Finally Proposition 13.81 
implies that for any 9 G (0, 1) we have that X n > 9 for large n. □ 

3.5. Stability of the spectrum. We introduce a so called 'asymmetric operator norm' 
for which the operators C n converge to £ as n — > oo. For a linear operator Q : Be —> Be 
we define 

|||Q||| = sup{||Qw|U = INI* < !}• 

Recall the Gibbs property flTJ of fi, namely that there exists a constant c > 1 such 
that for any x G S and positive integer n we have that 

(14) c" 1 < ^ n < c 

Using the above it is relatively easy to show the following proposition, which is stated 
without proof. 

Proposition 3.16 (Gibbs property). There exists a constant c > such that for any 
positive integers n, m and j > n we have 

fi(U n n a~°(U m )) < cfjL(U n )fi(U m ). 

Lemma 3.17. There exists a constant c > such that 

\\\C-C n \\\<c( P 9- 1 ) n 

for all n. 
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Proof. Let w G Be be such that \\w\\$ < 1 then 

\\(£-C n )w\\i = \\CxuM\i 
< \\Xu n w\\i 

(15) < //(£/"„) 1 1 u; | loo < cfx(U n )\\w\\ e < cfj,(U n ). 
On the other hand for fixed m,j we have 

0- m I \{C-C n )wW<c9- m ^a-^ +l \U m )r\U n )\\w\\ e . 

Jo-i(U m ) 

Fix positive integers m,j, we study three cases, namely: 

(1) n<j + l, 

(2) j + l<n<m + j + l, 

(3) m + j + 1 < n. 

First we suppose that n < j + 1 which implies from Proposition 13.161 that 

(16) e- m n(a-^ +1 \u m ) n u n ) < ce- m fi(u m )fi(u n ) < c P n . 

Next, we suppose that j+1 < n < m+j + 1 then observing that the nested property of 
{U n } n gives us 0"-^ +1 )(Z7 m ) nU n C cr~w +1 ) (Z7 m ) n C/j+i, combining this with Proposition 
13.161 we see that 

r w /i(<7-« +1 ^ m )n^) < ^-(^(f/ m )n(J i+1 ) 

< cd- m n{U m )ii{U j+1 ) 

< c9- m p rn+j+1 

< c(0-V) m+i+1 

(it) < c (rVr. 

If n > m + j + 1, in which case 

(is) r>( ff -^((j m ) n ty < r m /i(t/ n ) < r>(c/ n ) < c(rV) n 

Combining equations (ITB1) . (IT7|) and (ITS]) yields 

|(£-£ n ) W | h <c(rV) rt |hl| e . 
Combining this with equation (ITSl) completes the proof. 

□ 

We note that Lemmas 13.101 13.12[ 13.151 and 13.171 show that the operators C n satisfy 
the hypotheses of [15] [Theorem 1]. We now cite a specific consequence of result. 
For S > and r > 9 let 

Vs,r = { z £ C : |z| < ror dist(z, spec(£)) < 5}. 
Then by [15J [Theorem 1] there exists iV = N(S,r) such that 
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(19) S s ,r = snp{\\(z-C n )- 1 \\e : n > N, z e C \ V s<r } < oo, 

where \\(z — £ n ) _1 ||g denotes the operator norm of (z — £ n ) _1 : &e &e- 
We use may quasi-compactness of C n to write 

r = X E + * 

where E n is a projection onto the eigenspace {cg n : c G C} and E n ^/ n = ^ n E n = 0. 

Proposition 3.18. There exists a positive integer N and constants c > and < q < 1 
sttc/i i/iat /or all n > N we have 

ll^nllloo < cq k for any k>l. 



Proof. Fix q <G (9, 1) such that spec(£) \ {1} C £>(0, q). Then by Proposition 13.81 there 
exists a positive integer N such that for all n > N, we may write using standard 
operator calculus 

< = 7^- [ t\t-C n )- l dt. 
Then from Lemma 13.71 and equation (fl9l) above we see that 



11**11100 < C ||*Jl|| fl 

< c [ ItWit-Cn^Wedt 

J\t\=q 

< cq k . 

□ 

Remark 3.19. This result (Proposition \3. iBt) is claimed in an article of Hirata [12] . 
However, the proof presented in the article contains an error which we correct in this 
section. In particular, this allows us to recover the exponential and Poisson return time 
estimates claimed in [12] for conformal expanding maps. 

Proposition 3.20. There exists a constant c > such that for all n 

|| E n \ || oo — C- 



Proof. For n > N write 

E n = ^- [ (t- Cr^dt. 

27T2 y| t _i| =1 _g 

Then from Lemma 13.71 and the equation (fl9l) above we see that 
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|£nl||oc < C|K1| 



< c / \\{t - c n y l \\ e dt 

J\t-l\ = l-q 

< c. 



□ 



4. An asymptotic formula for A n 

In this section we prove the following proposition. 

Proposition 4.1. Fix (ft G B$, then 

A — A n f A if z is not periodic. 

lim = \ 

n^oo fj,(U n ) I A(l — A _p e^ )P< - z ' ) ) if z has prime period p. 

We prove the proposition in the case that C is normalised, i.e. £1 = 1, the more 
general statement above can be deduced by scaling the operator. 
Let m n denote the restriction of fi to /„, i.e. 

m r , - 



The following four lemmas were motivated by corresponding results in [12]. 
Lemma 4.2. If z is non-periodic then 



Um / E n (£ X u )dm n = ^ lEnldmn=1 

n— >oo 1 — A n n— s>oo 



Proof. For simplicity we put 

[E n ] = J E n (Cxu n )drn n . 
Then, by using C\u n = 1 - C n l, 

[E n ] = (1 - A n ) J E n ldm n . 

As z is non periodic, it follows from the fact that a countable intersection of nested 
compact sets is non-empty that for any integer k > 1, there exists Nf. such that U^ k f\ 
o~- j (U Nk ) = <bioYj = l,2,...,k. 

Then for any x G a^U^, 1 < j < k we have that x ^U^ k . So for any n > and 
any x G o~ k U n we see that 

So for n > Nk we see that 
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Xu n (x)C k n l(x) = X u n (x)C k l(x) = X u n (x). 
And so J £ n ldm n = 1 for all n > N^. 

We now use the decomposition C k = X k E n + to see that for any k and n > N k 
we have 



1-1 E n ldm n 



= (\ k -I) J E n ldm n + J ^ k ldm r 

< |l-A£| \\E n l\\oo + H^illoo 

< c(\l-X k n \+q k ). 



Where Propositions 13.181 and 13.201 were used in the final line. This completes the 
proof. □ 

Lemma 4.3. If z is non-periodic then 



. J E n (Cxu n )dm n = 



lim 



Proof. We let T n (x) denote the first return time (assuming it exists) for x G U n , i.e., 



T n (x) = inf{z G N : «7*(x) G [/„,} 



then 



T n dm n 



^2im n (T n = i) 

oo „ 

(T n = l) + J2* / C-\C X u n )dm n 

1=2 ^ 

/oo OO „ 

i=2 i=2 J 

m n {T n = 1) + J E n (C X u n )dm n L - -ij+f^J K^dm n 



i=i 



n? 



(20) 
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But by Kac's theorem j T n dm n = ^ ? and thus 
/ E n (£xu n ) dm n ( J E n (Cxu n ) d\x n 



1 - \ r 



+ / E n (Cxun) dm n I m n (T n = 1) - / E n {Cxu n )dm n + #£ldm n 

C / V J k=l 



-s>0 



=0(1) 



This completes the proof. 
Lemma 4.4. If z has prime period p, then 



□ 



j E n (Cxu„)d 



lim 

n— >oo 1 — A r 



lim / E n ldrTu, = 1 - e*" (z) . 



Proof. Fix a large positive integer m and set /c = pm. We have that for large n that 



<t> k (y) 



a k (y)=x 



= Xu n {x) Y X**-p [z z! ...«p_i] (y)e 4 

cr k {y)=x 

= XU n (x) e ^ (!,) Xa-Km-i)[ 20 z r . Zp _ 1 ](y) 
CTP m (y)=a: 

= Xc/ n (^)>C p (x [3oZl ... % _ 1 ])(x) 
where assumption (5) on the family {U n } n was utilised in the second line. Hence 



1 - e* P & - I C k n ldm n 



< 



C^ X[zoZv .. Zp _ l] )(x)-e^dm n (x) 



< sup \r(y) - i 



1 — 



where | ■ \q <00 denotes the usual Holder semi- norm. 
Hence any k = pm, 



lim / L\\dm n = l-e^ (z) . 

71— >OQ J 



On the other hand, by lemma I4.2[ for large n 
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£ k ldm n - X k J E n dm n 
We fixed k = pm and A n — > 1 as n — > oo, hence 



^ n ldm n 



< Halloo <cg fc . 



lim / E„ldm„ = 1 - e^ (z) . 



□ 



Lemma 4.5. If z has prime period p, then 

j E n (CxuJdm n 



lim 

n— >oo 



(l_ e ^W)2. 



Proof. The proof of this is a combination of the methods from Lemma POl and the result 
of Lemma 14.41 □ 



Combining Lemmas I4.2[ I4.3[ 14.41 and 14.51 proves Proposition 14.11 
5. Escape rates for Gibbs Measures 



In this section we prove the analogue of Theorem II. II in the setting of a topologically 
mixing subshift of finite type, namely we prove: 

Theorem 5.1. Suppose that {U n } n satisfy assumptions (QP-(EP- Let (ft : S — > R be 
Holder continuous and let \x denote the associated equilibrium state, then 

y r^(U n ) J 1 if z is not periodic 

n->oo n(U n ) 1 1 — e ^ p ( z )-p p (^) if z has prime period p 

where <f(z) = <f>(z) + 4>{cr{z)) + ■■■ + (j){a p - 1 (z)). 

It is well known that the escape rate r^{U n ) is related to the spectral radius \ n and 
we include the proof of the following proposition only for completeness. 

Proposition 5.2. 

r^Un) = -log(A n ). 



Proof. We can write 



fx{x E £ : o*(x) £ U n , < i < k - 1} 



f k-\ 

Wxu-^x) J dfi(x) 



v i=0 



C k n l(x)djji(x) 



\ k n J E n ldfx + J 
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Using Propositions 13.181 and 13.201 we see that 

r^(U n ) = lim --log/i{x e £ : a\x) U n , < i < k - 1} = -log(A„). 

fe— 5>oo K 

□ 

We now prove Theorem 15.11 

Proof. We assume that without loss of generality that P{4>) = 0. In which case we see 
that from Lemma [5.21 that 



rjJJJn) - log (A n ) 

/i(U n ) n(U n ) 

log(A) - log(A w ) 

A - A w log(A) - log(An) 
n{U n ) A - A„ 

The result now follows from Proposition 14.11 □ 

We also can obtain results relating to the convergence of topological pressure. 

Theorem 5.3. Suppose that {U n } n satisfy assumptions (f2J]-(TJ]). Let : E — > M be 
Holder continuous and let fi denote the associated equilibrium state, then 

P{4>) — P-£ n {4>) I 1 if z is not periodic 

n->oo fi(U n ) I 1 — e^^~ pP ^ if z has prime period p. 

Proof. Using A = e p ^ we see that 



Observing that limn^oo P }fll~ P p^^t}) = e~ p ^\ and combining this, (12~TT) and Proposi- 
tion 14. II completes the proof. □ 

An immediate corollary is the following: 

Corollary 5.4. Let fi denote the measure of maximal entropy (i.e. the Parry measure 
f20\), then 

h top (a) - /j- top (cr|s n )) _ f 1 if z is not periodic 

n->oo l^(U n ) I 1 — e~ phtop ^ if z has prime period p. 



Remark 5.5. The rate of convergence of topological entropy of the restriction of the 
shift to these sets was studied by Lind [18J who proved, in the case that the U n consisted 
of a single cylinder of length n, i.e. U n = [z] n , the existence of a constant c > 1 such 
that 
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l/c< 




6. Proof of Theorem 11.11 



In this section we prove Theorem 11.11 Let Ai be a Riemannian manifold and / : 
M. — > M. a C 1 -map. Let J be a compact subset of M. such that f(J) = J. We say 
that the pair (J, /) is a conformal repeller if 

(1) f\j is a conformal map. 

(2) there exists c > and A > 1 such that \\df£v \\ > c\ n \\v\\ for all x G J, v G T X M, 
and n > 1. 

(3) / is topologically mixing on J. 

(4) J is maximal, i.e. there exists an open neighbourhood V D J such that 



Let : J — > R be a-H61der and let /x denote the associated equilibrium state. For 
an open set U C J we let r^(U) denote the escape rate of /i through U. 

It is well known that an expanding map has a finite Markov partition {R\, R2, ■ ■ • , Ri}, 
and that there exists a continuous semi-conjugacy it : S — > J where E is a subshift of 
finite type on I symbols. By choosing \~ a < 9 < 1 and considering E equipped with 
the metric dg it can be seen that the map = 0o7r:E— )■ R is rfg-Lipshitz, and so 



We state without proof the following result of Bowen [2]. 

Proposition 6.1 (Bowen). There exists a positive integer d such that the cardinality 
of 7i~ l (x) is at most d, for all x G J. 

This proposition was used to prove the following corollary: 

Corollary 6.2 (Bowen). x G £ is periodic if and only if ir(x) G J is periodic. 

We also require the following technical lemmas. 

Lemma 6.3. For any periodic point z G J there exists a Markov partition {Ri, R2, ■ ■ ■ , R m } 
such that z G UZLi int(Ri). 

Proof. This follows easily from the standard construction of Markov partitions (using 
shadowing), for example see [27] • D 

Lemma 6.4. There exists constants s, c\ > such that fi(B(z, e)) < c\t s for all e > 0. 

Proof. Let (f> : E — > R be defined by <f>(x) = 0(7r(x)), and denote the associated equilib- 
rium state by fi, then /x = 7r*(/2). 

For e > 0, let U e denote the Moran cover associated with the Markov partition 
{Ri, R2, • • • , R m } (see [231 Pg- 200]). Then for z G J we choose elements U\, U%, . . . , Uk G 
U e which intersect B(z, e). A basic property of Moran covers is that: 



J = { x e V : f n {x) G V for all n > 0}. 



0Gi3 ( 
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(3) k < K, where K is independent of both z and e. 

In which case it suffices to show that fi(Ui) < ce s for some constant c > 0. To see this 
we observe a basic property of Gibbs measures is that for any x G £ there exists c > 
and 7 G (0, 1) such that 

/^[•^]n ^ cy n for Ti — 1, 2, . . .. In addition to f G C^^ a and 
conformal we have that c\~ n( - z ^ < e for any e > 0. In which case we see that 

k k 

i=i i=i 

□ 

Next we require the so called "D-annular decay property", that is there exists a 
constant C2 > such that for all x G J e > and < 5 < 1 we have that 

(22) /i(S(ar, e) \ B{x, (1 - <T)e)) < c 2 5 D fi{B{x, e)). 

A related condition is the "doubling" or "Federer" property, namely there exists a 
constant if > 1 such that for all x G J and e > we have 

fx(B(x,2e)) < K/j,(B(x,e)). 

Evidently, a measure that satisfies the D-annular decay property also satisfies the 
doubling property The converse was shown by Buckley in [5] [Cor 2.2]. In the context of 
an equilibrium state /i supported on a conformal repeller Pesin and Weiss [22J showed 
that \i satisfies the doubling property. We collect these two results in the following 
proposition: 

Proposition 6.5. There exists a D such that \i satisfies the D-annular decay property. 
We now prove Theorem 11.11 

Proof. We first prove the result if z G J is not periodic, we first observe that the map 
7r that a consequence of Proposition 16 . 1 1 we have that n~ l {z} = {z 1 , z 2 , . . . , z r }, further 
Corollary 16.21 implies that each z l is non-periodic. 

Hence to show Theorem 11.11 it suffices to show that lim e _> ^^tt§^^ = 1- First, 
we observe that Theorem 15.11 may be modified to accommodate multiple non-periodic 
points appearing in the intersection, this modification is trivial and we therefore omit 
the proof. For non-periodic points the new hypotheses become: 

(1) Let {V^} be a family of nested sets with each V n being a finite union of cylin- 
ders. Suppose further that f] n>1 V n consists of finitely many non-periodic points 

:"}• 

(2) There exists constants c > and < p < 1 such that p,(V n ) < cp hn for all n > 1, 
here k n denotes the maximum length of a cylinder in V n . 

(3) There exists a sequence (l n ) n , and constant k > such that k < l n /k n > 1 and 
V n C lf i=l [z% n for all n > 1. 
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If the sets {14}n satisfy these hypotheses then we conclude 

llm ~(\r \ = L 

We first prove the theorem for the case that z £ J is non-periodic. For e > and a 
positive integer k we set 

{fe-i 
i=Q 

We observe that due to / being uniformly expanding, there exist constants C3 > 
and < p < 1 such that 

diam(Z7) < c 3 p k 

for any U G (7^. 

fc 

Let 5k = € +c 3/} k ) i n which case it is easy to see that 

|J [/cB(z ) e + C3^)=5(z,(l-^)- 1 6). 

Fix ?7 > small and choose k = k(e,T]) such that p k < C3 (( C2 ^-i)i/g_i) < /° fe-1 > i n 
which case we see 

(23) (1 - r]MU UeUk U) < (1 - c 2 5^(U UeUk U) 

< (1 - c 2 5°)^B(z, (1 - 5 fe )- 1 e)) 

< n{B{z,e)). 

Where the D-annular decay property was used on the final line. Now let {e n } n be 
any monotonic sequence with e n — > and set 

Observing that U n is a finite union of fc n := fc(e n , 77) 'th level refinement of the markov 
partition, there exists V n C £, a finite union of cylinders of length fc n such that 7r(V^) = 

We claim that V n satisfies the hypotheses of the modified Theorem 15.11 Clearly the 
V n are nested ([I]), so it suffices to show that p,(V n ) decays exponentially in n. To see 
this we observe that 

jx(V n ) = /i(U n ) 

< {l-7 1 )- l l i{B{z,e n ) 

< ci< < Cl {cz{(c 2 ri~ x ) 1,D - l))V s(fcn_1) - 

And thus, we see that ft(V n ) decreases exponentially in k n , which proves ([2]). 

As / is conformal and z £ [z l ]i for all i and I there exists a constant C4 > and < 
g < 1 such that for any i £ {1, 2, . . . , r} and Z £ N we have that 1 < diam(7r[z*];)/^. 
Let l n be the minimum such I such that C4 1 g l > 2e n . It is easy to see that for such a 
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choice of I we have that V n C Uj r =1 [z 4 ]; n . In addition, we have that l n > c 5 k n for some 
constant C5 > 0, this proves (EJ). Thus we deduce from the modified Theorem 15.11 



n->oo fl{V n J 

And so by monotonicity of escape rates and equation (1231 we see that 
(24) 

hmsup ^f.^^ < (l-^hmsup^^ = (1 - ^imsup ^ = (l-^)" 1 . 

Similarly, using the same method we may obtain a lower bound, which in conjunction 
with equation f[2~4"|) . gives 

lim r 4^4 = 1. 

n^oo jJ,(B{z,€ n )) 

We now turn our attention to the case where z is periodic. By Lemma 16.31 we may 
assume that 7t~ l (z) consists of a single point of prime period p say ir(z') = z. 

As before we approximate B(z, e) from outside using elements of Vt=o f which 
may be thought of as cylinders of length k in a subshift of finite type. Recall the 
hypotheses for Theorem 15.11 

(1) Let {V^} be a family of nested sets with each V n being a finite union of cylinders. 
Suppose further that f] n>1 V n = {z'}, where z' has prime period p. 

(2) There exists constants c > and < p < 1 such that fi{V n ) < cp kn for n = 
1,2,.. ., here k n denotes the maximum length of a cylinder in V n . 

(3) For each n > 1 we have that <J~ p (V n ) D [z' z[ ■ ■ ■ z'-^ C V n . 

In which case we deduce from Theorem 15.11 that 

l im r JyA = l- e ^(*'). 

n^oo fl(V n ) 

We first approximate B(z,e n ) from outside using the same method employed previ- 
ously. For 77 > we obtain U n D B(z, e n ) nested, each being a finite union of elements 
from V/ilo' )_1 / ^ ^ or some k, with the property that p>(U n ) < (1 — rj)^ 1 fi(B(z, e n )). As 
before, we may find al^cS which is a finite union of cylinders. It is easy to see that 
V n satisfy conditions (1) and (2). To see (3) we observe that for e n small expansivity 
of / and the fact that z has prime period p yields f~ p (B(z, e n )) D 7r[z f , z[, . . . , z'^] C 
B(z,e n ). A simple argument extends this to approximations of balls centred on z. 
Using monotonicity of escape rates together with the conclusions of Theorem 15.11 yields 
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hmsup —. —, r— < (1 — 77 J hmsup 



n(B(z,e n )) 1 „^oo //(£/„) 

\— It r /j(Ki) 

= (I-77) hmsup _ 

n— >oo "ji J 

= (l-^-^l-e^^)) 

(25) = (l-^-^l-e^W). 

Similarly, using the same method we may obtain a lower bound, which in conjunction 
with equation fl25|) . we see that 

lim ^>Cgfe_fn)) = 1 _ e ^ W _ 
n->oo fi(B(z,e n )) 

□ 

7. Proof of Theorem 11.21 

In this section we study the asymptotic behaviour of the Hausdorff dimension of the 
non-trapped set. Let / : J — > J be a conformal repeller as defined in the previous 
section, we make the further assumption that / G C 1+a (J) for some a > 0. Fix z G J, 
for e > we define 

J e = {x G J : / fc (a;) g e), for all k > 0}, 

i.e. all points whose orbits are e-bounded away from z. 

Let /1 denote the equilibrium state related to the potential if) = — slog|/'|, where 
s = dirnff(J). As before we may study the escape rate r lx (B(z, e)) of \i through B(z, e) 
and it's associated asymptotic, i.e. 

d^z) := km — — rr-. 

The method of proof is as follows: in a similar vein to the proof of Theorem 11.11 
we first prove the result where the hole consists of a finite union of refinements of the 
Markov partition, then extend it to the case of geometric balls via an approximation 
argument. 

Let 1Z = {Ri, R2, ■ ■ ■ , R m } denote a Markov partition for the conformal repeller 
J, this induces a semi-conjugacy n between a subshift of finite type (£, a) and the 
conformal repeller (J, /). Let J n G N/^Zq 1 f^^TZ be a nested family such that n n > /„ = 
{z}. We let J n denote the set of points in J which do not fall down the hole J n , i.e. 

J n = {x G J : f k (x) G" 7 n , for all k > 0}. 
Let s e denote the Hausdorff dimension of the set J 6 . 

Proposition 7.1. Under the assumptions above 

li m S ~ Sn = j^f) 

rwoo jj(I n ) f fog \f\dn 
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A cruicial ingredient to the proof of Proposition 17.11 is the following result of Ruelle 

Proposition 7.2 (Ruelle). Lets > be the unique real number for which P(—s\og\f' \) = 
0, then dimniJ) = s. 

Let 4>{x) := — log \ f'(ii(x)) \ it is easy to see that the semi-conjugacy 7r being one-one 
on a set of full measure for all equilibrium states for Holder potentials implies that the 
Hausdorff dimension of J is the unique real number s for which P(s<p) = 0. As similar 
argument shows that the dimH(Jn) = s n where s n is the unique real number satisfying 
PT, n ( s n4>) = 0. We may therefore translate the problem into the language of subshifts of 
finite type. As the family {/„} is nested there exists a point z'sS such that 7r[z'] = I n . 
Accordingly, if we set 

S n = {x € S : (J k (x) £ [z'] n for k = 0, 1, 2, . . .} 

then 7r(S n ) = J n . Let <j>(x) = — log |/'(7r(x))|, then it is easy to see that the semi- 
conjugacy 7r being one-one on a set of full measure for all equilibrium states for Holder 
potentials implies that the Hausdorff dimension of J is the unique real number s for 
which P(s(p) = 0. As similar argument shows that the dim±{(J n ) = s n where s n is the 
unique real number satisfying Pj] n (s n <j)) = 0. We therefore may prove the result in the 
setting of subshifts of finite type. 

For t > we let Ct : Bg —> Bg denote the transfer operator associated with the 
potential t<f>, i.e., 

analogously we define the perturbed transfer operator £ t}Jl : Be — > Be to be (C ttn w)(x) = 
(£ t X[z'] cW )( x )- We let g t (resp. g tiTl ) and u t (resp. Vt,n) denote the eigenfunction and 
eigenmeasures guaranteed by Proposition 13.21 applied to C t (resp. C t ,n )• We shall 
assume without loss of generality that f gtdu t = f gt,rA v t,n = 1 for all t > and n > 1. 
The associated equilibrium states will be denoted by \i t and fi t ,n, observing that one 
can show that d\i t = g%dv t (resp. dn^ n = 9t,ndvt,n)- We proved earlier that both C t and 
Ct,n have spectral gaps, we denote their maximal eigenvalues by At and At, n respectively. 
As log(Af) = P(t<j>) (resp. log(A t) „) = P^ n (t<j))), the problem of finding the Hausdorff 
dimensions of J (resp. J n ) reduces to finding the values of t (resp. t n ) such that At = 1 
(resp. At n ,„ = 1). 

The proof of Proposition 17.11 relies on a few elementary facts: the maps t y \ t n are 
analytic and non-increasing in t, while for a fixed t the sequence {A ti „} n is increasing 
(and converges to At), we use Taylor's theorem applied to A tj „ about t — s to obtain 
an approximation of X tjn close to A S)n , we then use Theorem 15.11 and let n — > oo to 
prove the result. The main problem then reduces to analysing the behaviour of the first 
Kn = d/dt(X t} n) and second A'/ n = d 2 /dt 2 (\t, n ) derivatives of A tjn which is the focus of 
the following two technical lemmas. 
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Lemma 7.3. For any t > we have that lim^oo X' tn — X' t . 

Proof. We first obtain an explicit formula for X' tn , to do this we follow an argument of 
Ruelle [25] [p 96. Ex 5.] to prove that for any t > and n — 1, 2, • • • 

(26) K,n = ~\n J \0g\f'\dHt,n- 

Analogously for the unperturbed operator 

(27) K = ~>* J bsWth- 
To see this we take the eigenfunction equation 

(28) 

Differentiating once yields 

Lt,n9t.n + L t ,n9t,n = K,n9t,n + \n9t,n> 

and then integrating with respect to z/ t n and cancelling terms yields 

K,n = J £t,n{9t,n)dVt,n = J £t,n{<l>gt,n)dVt,n = \,n J HfX t ,n 

where <fi = — log |/'|. This shows ( 1261) . the proof of ( 1271) is analogous and the proof is 
omitted. 

Without loss of generality we may assume that g t = 1, that is C t l(x) = X t . We 
decompose the transfer operators £ t>n and C t as 

A,n = X t , n Et, n + ^t,n A = X t E t + ^ t 

where E t>n and E t are projection operator given by 

(29) E t , nW = J wd„ t , n9t , n , E tW = J wdVt 

and (resp. \l/ t ) has a spectral radius strictly less than A t) „ (resp. X t ). 
From [15] we have that lim^oo II \E t n — E t \ II = and so 



(30) \\g t>n - g t \\i < \\gt,n-9t\\w 

= \\(E t>n -E t )(l)\\ w < \\\E tjn -E t \\\\\l\\ s ^0. 

Finally, to show that X' tn — > X' t it suffices to show that E^ n {g^ n (j)) — > E t ((p). We first 
show that there exists a constant c > such that ll^n^lle.i < c for all n. We note that 
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by [15] [Corollary 1] that there exists a constant c > and positive integer N such that 
|| E t , n w || o,i < c\\E t w\\h for any w G Be and n > N . In which case 

HfiV0lki = \gt,n4>\\e,i + \\gt,n^\\i 

< \\gt,n\\oo\4>\e,i + \gt ,n|e,l||0||oo + ||0||oo||<7t,n||l 

< 2||0||e ( i||fl't )n ||e ) i + ||0||oo||5't,n|U 
= 211011^111^^111^1 + ||0||oo|bt,nlU 

< 2c||0|| M ||^, n l||, l + ||0|| 
= (2c||^|| a +||0|| oo )||^ n || fc . 

We observe that ||^ tjn — l||i — > 0, implies that ||gt, n — 1|U — > and so Hsvlki is bounded. 
Next, we note that 



\\E tin (g tin (f>) - £ t (0)||i = \\\E t7n - £ t ||i||£t, n 0|ki + \\E t ((f>(g tin - l))||i 

< c\\\E t)n -E t \\\ + ||0||oo||^t||l||^,n-l||l- 

Both terms tend to zero by equation ( 130]) and [15]. This completes the proof. □ 

Lemma 7.4. For any s > there exists 5 > such that sup„>i sup t6( - s _ 5jS+(5 ) 

Proof. We first obtain an expression for X" n . Fix a positive integer N, taking the 
eigenfunction equation C^ n g t)n = Xf n g t , n and differentiating twice, integrating with 
respect to z/ f „ and cancelling yields 



\- 1 \" 



1 

N 



iN\2 



fg t , n dv t , n -N{N-l){\-l\'f 



+2 



J <P N g't,n d Vt,n - KnK,n j g't,n d ^t,r. 



We observe that as dfi t , n = gt, n di>t,n is strong mixing that this second term tends to 
zero as iV — > oo, and thus 



J \<j> N ) 2 g t , n dv t>n - N(N -l)(A^A;j 2 . 

We now estimate the term N^ 1 f (4> N ) 2 gt,ndvt,n- expanding the term (<p N ) 2 and using 
the dual identity C* tn (v t ^ ri ) = Xt, n ^t,n yields for n large enough 



(31) \,nK,n = I/ 111 T7 

7V->oo iv 
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/N-l N-l „ 
i=0 j=Q •> 



N-l 

k=0 ■' 

N-l 



g t , n <M> ° e k dv t ,n 



(32) = U\\l + ^J^(N- k)X£ I Cl n {g t , n 4>)4>dp tt n. 

k=0 J 

We apply the decomposition L tn = \ tn E t n + $ tiB along with Proposition 13.181 to 
equation (1521) to obtain 

. 2 N-l 

N- 1 J {4> N fg t ,ndP t ,n = U\\l +^J2( N -^J E tAgt,n<P)<P + \^l n (g t ,n<P)<pdv t , n 



k=0 



2 



(33) = \\<P\\l + (N + l) U fa^dvt 

N-l 



k=l 

We note that (f 4>gt,ndvt,n) 2 = (A t jA[J 2 and so combining equations (13T|) and ( 133|) 
we obtain 

KXn = HWl + 2(A t ^A; in ) 2 + lim - 53 (JV - fc)A£* / ** n (^)0di^ n . 

fc=0 ^ 

Finally we observe that the perturbation £ i— >• £ t is analytic and so for any q > 
such that spec(£ s ) \ {A s } C B(0,q) there exists a positive integer M and 5 > such 
that X t . n > q and spec(C t}n ) \ {\t, n } C B(0,q) for all n > M and t G (s — 5, s + 5). 
Combining this observation with Proposition 13.181 completes the proof. □ 

We now prove Proposition 17.11 

Proof. We begin by proving that s — s n = 0{ji (/«)), to see this we observe the map 
t !— > K,n is analytic, and so using Taylor's theorem we may write 

(34) A s „, n = 1 = A s , n + ^ n>n (s n - s). 

for some G (s n , s). We note that Theorem 14. II and Lemma [7T3l prove the claim. Next, 
we use Taylor's theorem once again to see that 

K n ,n = 1 = A s , n + A; n (5 n -s) + Xl >n O(f,(I n f) 

for £ n G (s n , s). Rearranging yields 

s - s„ 1 



M4) -a; 



,n 



1 As r> > // 



+ A^ jn O(//(/ n )) 
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Finally we let n — > oo observing that the right hand converges by Lemmas 17.31 and 17.41 
This completes the proof. □ 

We note that as in the case of escape rates Proposition 17.11 generalises easily to the 
case of finite unions of symbolic holes. We now prove Theorem 11.21 

Proof. Let {e n } n be any monotonic sequence with e n — > 0. Fix i] > and choose 
U n C B(z,e n ) C V n which consist of finite unions of refinements of the Markov partition 
1Z such that 



(35) (1 - V )fi(V n ) < n{B{z, e n )) < (1 + r,)^{U n ). 

From the proof of Theorem II .![ it is clear that we may choose the families {U n } n and 
{Ki}n so that they satisfy the hypotheses of Proposition 17.11 Let s n (resp. s n denote 
the Hausdorff dimension of the non-trapped set with respect to the hole U n (resp. V n . 
Monotinicity of the Hausdorff dimension along with equation ( 135]) yields 

1 s s_ n s s n 1 s s n 



l + rifi{U n ) /j(B(z,e n )) 1 - rj fi(V n ) ' 

for any n, combining this with Proposition 17.11 and letting 77 — >■ completes the proof. 

□ 
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